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Attosecond pulse shaping around a Cooper minimum
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High harmonic generation (HHG) is used to measure the spectral phase of the recombination
dipole matrix element (RDM) in argon over a broad frequency range that includes the 3p Cooper
minimum (CM). The measured RDM phase agrees well with predictions based on the scattering
phases and amplitudes of the interfering s- and d-channel contributions to the complementary pho-
toionization process. The reconstructed attosecond bursts that underlie the HHG process show
that the derivative of the RDM spectral phase, the group delay, does not have a straight-forward
interpretation as an emission time, in contrast to the usual attochirp group delay. Instead, the rapid
RDM phase variation caused by the CM reshapes the attosecond bursts.
PACS numbers: 32.70.-n, 42.65.Re, 42.65.Ky
One signature of atomic structure, first discussed by
Cooper [1], is a local minimum in the photoionization
(PI) probability at a specific photon energy. This Cooper
minimum (CM) is caused by a sign change of the bound-
free transition dipole in one angular momentum chan-
nel and not a modulation of the density of states. The
CM has been extensively studied using traditional pho-
toionization spectroscopy but the phase of the transition
dipole, which undergoes a π jump at the CM as illus-
trated in Fig. 1(a), is not directly accessible, although
it strongly influences the measured electron angular dis-
tribution and spin polarization [2, 3]. The time-domain
consequences of the CM in PI are illustrated as path (1)
in Fig. 1(a): a smooth ultra-fast XUV pulse with suffi-
cient bandwidth and proper photon energy produces an
outgoing electron wave packet (EWP) inscribed with the
CM hole [4]. Experimental reconstruction of such an out-
going EWP, however, requires complete knowledge of the
amplitude and phase [5], and to date no measurement has
demonstrated the double-peaked structure illustrated in
Fig. 1(a).
In high harmonic generation (HHG) the inverse pro-
cess of broadband PI takes place: an EWP, promoted
and accelerated in the continuum by an intense, opti-
cal pulse, returns to the core and gives rise to emission
of XUV radiation through photo-recombination, as illus-
trated by path (2) in Fig. 1(b). The EWP thereby acts
as a self-probe of the complex recombination dipole ma-
trix element (RDM). A measurement of the emitted XUV
radiation can provide access to both the amplitude and
phase of the recombination dipole and can thus be used
to study structural features of the generating atom or
molecule [6–9], and in particular the CM. Path (3) in
Fig. 1(b) illustrates one main point of this paper: that
the time domain consequences of the CM amplitude and
phase modulation are such that a smooth returning EWP
will be shaped into a structured XUV time profile.
In this Letter, we experimentally and theoretically in-
vestigate the phase modification in the high harmonic
emission induced by the 3p Cooper minimum of argon.
In the experiment, the derivative of the spectral phase,
the group delay (GD), is measured using the resolution
of attosecond beating by interference of two-photon tran-
sitions (RABBITT) method [10, 11]. The experimental
phase and amplitude are compared with both a simple
model and a more comprehensive calculation using nu-
merical solutions of the Schro¨dinger and Maxwell wave
equations. Previous high harmonic studies [12–15] have
established the existence of the CM in the frequency spec-
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FIG. 1. (Color online) Energy level diagram and time-domain
picture of EWPs and broadband XUV pulses in (a) photoion-
ization and (b) photo-recombination in HHG in the vicinity
of a Cooper minimum. See text for the discussion of paths
(1), (2), and (3).
2trum of the emitted harmonic comb, but not in the spec-
tral phase. Furthermore, accessing the RDM phase from
the RABBITT requires knowledge of the other contri-
butions to the total measured phase. The leading con-
tribution is a single atom effect caused by the accumu-
lated phase of the field-driven rescattering electron wave
packet [16, 17], the so-called attochirp. In addition, there
are several macroscopic contributions involving the prop-
agation through the argon source, spectral filters, and
the RABBITT detection gas. The results of this study
unequivocally establish that direct measurements of the
RDM phase near a CM can be extracted from RABBITT
characterization of HHG.
This work also allows us to establish the relation
between the measured GD and the time structure of
the harmonic dipole emission in the presence of an
(anti)resonance. Typically in HHG, the GD is inter-
preted as the emission time of different frequencies in the
harmonic spectrum, as depicted by path (2) in Fig. 1(b).
This is justified for short trajectory, on-axis emission
since the phase originates from the temporal spread of
the rescattering EWP in which higher energy electrons
return to the core later than lower energy electrons [16–
18]. In contrast, the CM phase variation produces an
additional structure in the attosecond burst every half
cycle of the drive laser field, thus reshaping the tempo-
ral envelope of the XUV light. This is depicted as the
doublet in path (3) of Fig. 1(b).
In the experiment, the HHG source utilizes a tun-
able optical parametric amplifier to generate 65 fs, mid-
infrared (MIR) pulses at the wavelengths of 1.3 µm and
2.0 µm at a 1 kHz repetition rate. The laser beam is
focused ∼1.0 mm in front of the argon gas jet to phase-
match the short trajectory, and, in combination with an
aperture in the far-field, minimize long trajectory har-
monic contributions. A typical argon density in the in-
teraction region of 4–7× 1018 cm−3 provides good phase-
matching of the highest energy harmonics while reducing
reabsorption of the low energy harmonics.
The experimental apparatus for the RABBITT mea-
surement is a Mach-Zehnder interferometer. The HHG
light propagates in one arm and a small amount of the
fundamental MIR light propagates in the other. The
pulses are recombined with a variable relative delay, spa-
tially overlapped, and focused into a magnetic bottle elec-
tron spectrometer (MBES) [19]. Neon gas introduced
into the MBES is photoionized via XUV one-photon and
XUV+MIR two-photon processes. Information about
the XUV spectral phase is encoded in the delay depen-
dent oscillation of the sidebands arising at even har-
monic orders in the photoelectron energy spectrum. We
note that the use of the longer wavelength MIR sources
in this study provides several advantages over conven-
tional 0.8 µm drive lasers for characterizing the CM am-
plitude and phase. First, the harmonic cutoff energy
scales quadratically with the drive laser wavelength [20],
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FIG. 2. (Color online) (a) Raw experimental GD measure-
ments for 1.3 µm (N) and 2 µm (H). Estimated GD con-
tributions (offset for clarity) from the Ne atomic phase de-
lay ( ), dispersion from 0.2 µm thick Al filter ( ), and
neutral Ar dispersion for a gas density-length product of
2.5 × 1017 cm−2 ( ). (b) TDSE-MWE calculations of the
total GD (•) for 1.3 µm, along with the individual s- (♦) and
d-contributions () to the GD. In both plots, the attochirp
GD ( ) is shown for reference. Note that the measured
macroscopic GD at 1.3 µm and 2 µm differ since they have
different attochirp GD and were obtained at different medium
lengths (2.5 mm and 0.25 mm respectively), thus the Ar dis-
persion is more apparent in the longer cell 1.3 µm results.
The numbered regions are discussed in the text.
thus allowing an easy extension of the harmonic spectral
plateau well beyond the argon CM structure at 50 eV
photon energy. Consequently, in the region of interest the
attochirp GD is well approximated as linear [21]. Second,
the smaller photon energy allows for a finer sampling of
the CM phase in the frequency domain.
Figure 2(a) presents the measured GD as a function
of photon energy for two different driving wavelengths,
1.3 µm and 2 µm. The peak laser intensity in the in-
teraction region is estimated to be 110 TW/cm2 and
94 TW/cm2, respectively. Also plotted are the estimated
contributions to the total measured GD that are used to
retrieve the RDM contribution: the attochirp GD of the
short trajectory calculated semi-classically as in [16, 17],
the macroscopic GD including neutral-atom [22] and alu-
minum filter dispersion [23], and the atomic phase delay
[24–27] of the RABBITT detection gas [28]. After sub-
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FIG. 3. (Color online) Argon measurement (•) and TDSE-
MWE calculation ( ) of the RDM (a) group delay and (b)
phase. (b) also plots the scattering-phase difference ξ ( )
used in the simple model, Eq. (1), where the instantaneous pi
jump has been added in by hand.
tracting these various contributions from the 2 µm total
measured GD, we arrive at the main result of this pa-
per: the RDM group delay shown in Fig. 3(a) and, upon
integration, the RDM phase in Fig. 3(b) near the CM
antiresonance.
The large-scale calculations in this study are performed
by solving the coupled time-dependent Schro¨dinger equa-
tion (TDSE) and Maxwell’s wave equation (MWE). The
MWE is solved by space-marching through the harmonic
gas jet with each plane in the propagation direction hav-
ing a source polarization field term calculated by nu-
merically solving the TDSE [13, 29] in the single active
electron approximation. We use an ℓ-dependent pseudo-
potential to describe the electron-core interaction. This
allows us to separately calculate the major contributions
to the dipole moment (and thereby the macroscopic elec-
tric field) which come from transitions from continuum s-
and d-states to the ground 3p state [13]. Tabulated values
are used for the linear absorption and dispersion in argon
[30], as these are underestimated by the pseudo-potential.
The GD is calculated from the radially averaged spectral
phase of the macroscopic electric field, which is spatially
filtered in the far field, like in the experiment.
The TDSE-MWE curves in Fig. 2(b) illustrate the ori-
gin of the CM group delay and the agreement with the
measurement. Similar to the experiment, the GD is cal-
culated assuming 130 TW/cm2, 1.3 µm driving field fo-
cused 1 mm before the center of a 1.25 mm Ar gas jet
with a density of 2.5 × 1018 cm−3. The agreement of
the measured and calculated total GD is excellent except
near ∼ 44 eV photon energy where the theory overesti-
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FIG. 4. (Color online) Dipole phase (a) and GD (b) calcu-
lated from the simple model in Eq. (1) when using ∆ω =
2.2 eV ( ), 6.6 eV ( ), and 13.2 eV ( ).
mates the dispersion contribution [31]. Figure 2(b) also
shows the individual s- and d-contributions to the GD.
The s-channel shows a simple monotonic increase except
for the dispersion jump near 44 eV (indicated by arrow
1). The d-channel GD is similar, with the addition of one
large jump for the sideband at 48 eV (arrow 2), owing
to the derivative of the instantaneous π phase jump in
that channel. However, the total GD is the coherent sum
of both channels, which reproduces the measured CM
phase over the range of 48–60 eV (region 3). Note that
the CM influence on the total GD occurs at higher energy
than the pure d-channel phase jump. A similar effect has
been observed in the location of the spectral amplitude
minimum of argon HHG [12–15]. Since the two chan-
nels have the same attochirp, the CM dipole GD can be
extracted from the calculation by subtracting the macro-
scopic s-GD from the macroscopic total-GD [32]. The
result is shown as the solid lines in Fig. 3 and is in excel-
lent agreement with the experimental RDM which was
extracted in a completely different manner. This pro-
vides clear evidence that RDM phases can be accurately
measured using HHG.
As seen in Fig. 3(b), the phase transition of the total
RDM is spread over a 20 eV spectral range, and equals
about 2.6 radians, even though the d-channel RDM un-
dergoes a sharp π phase shift at the CM. This is consis-
tent with previous calculations [12, 15, 33, 34]. We can
use a simple model to provide some additional insight
into this phase behavior. The total dipole moment p(ω)
is approximated by accounting for the relative strength,
χ(ω), and the relative scattering phase, ξ(ω), of the s-
and d-contributions:
p(ω) = s(ω)eiη0(ω)
[
1 + χ(ω)eiξ(ω)
]
(1)
χ(ω) =
d(ω)
s(ω)
, ξ(ω) = η2(ω)− η0(ω).
We model the relative amplitude as a linear function,
χ(ω) = −(ω − ωC)/∆ω, where ωC = 48.5 eV is the
energy of the d-channel zero crossing and 1/∆ω de-
fines the slope, which is estimated to be ∆ω = 6.6 eV
from the macroscopic calculations. The scattering phases
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FIG. 5. Attosecond XUV time profiles reconstructed from a
24 eV spectral bandwidth centered on the CM feature, using
the amplitude and phase results of the (a) 2 µm experiment,
(b) TDSE-MWE calculations, and (c) simple model, Eq. (1),
including the classical wave packet phase to match the at-
tochirp of the experiment.
ηℓ(ω) = σℓ(ω) + δℓ(ω) include the Coulomb contribution
σℓ(ω) = arg[Γ(ℓ + 1 − i/k(ω))], where k(ω) is the elec-
tron wave number in atomic units and Γ is the gamma-
function, and the short range potential scattering phases
(δ2 = 1.4 rad, δ0 = 0 rad) which are assumed constant.
ξ(ω) is plotted as a dashed line in Fig. 3(b) with the π
phase jump due to the sign change of χ(ω) also included.
The simple model emphasizes that the phase of the
total dipole moment is heavily influenced by the relative
strength of the two channels, and that the s-contribution
moderates and shapes the effect of the d phase jump.
Figure 4 illustrates the sensitivity of the dipole phase
and corresponding GD to the relative strength, through
the size of ∆ω. For example, the (negative) GD would
become arbitrarily large and narrow in Fig. 4 if the ∼π
phase transition were more instantaneous (smaller ∆ω,
corresponding to a weaker s-contribution).
Finally, we comment on the time structure of the emit-
ted XUV radiation and, in particular, how the presence
of a CM in the dipole moment can alter the shape of the
emitted attosecond pulses. Figure 5(a) shows the time
profile of one attosecond burst reconstructed from the
2 µm experimental spectral amplitude and phase. The
measurements are corrected for the Al filter transmission
and dispersion, and the RABBITT detection gas. The
corresponding profile from the macroscopic electric field
calculated by the TDSE-MWE is shown in Fig. 5(b) and
yields excellent agreement with the experiment. Also the
simple model discussed above, when combined with the
attochirp, exhibits a similar, double-peaked time profile
as shown in Fig. 5(c).
The structured attosecond emission shown in Fig. 5
is characteristic of the amplitude and phase modulation
caused by a Cooper minimum or, more generally, an an-
tiresonance. The beating between the frequency com-
ponents on either side of the spectral minimum, which
are out of phase by approximately π, produces multiple
peaks in the time domain. Thus, the CM shapes the
time-dependent dipole and imparts an additional ampli-
tude modulation in the emission not found in the rescat-
tering EWP. The same principle, but in reverse, holds for
photoionization, as illustrated in Fig. 1(a). Broadband
XUV light tuned near the CM would create an EWP
that has additional structure not found in the excitation
pulse [4]. In this case one could expect that defining an
ionization delay time via the calculated group delay, as is
often done, will lead to difficulties, especially if the group
delay is larger than the pulse width [35]. In contrast, a
PI experiment performed with narrow-band XUV light
would allow for a much closer correspondence between
measured group delay and ionization delay times [36, 37].
In summary, the spectral phase of the RDM in ar-
gon around the 3p Cooper minimum has been charac-
terized using RABBITT measurements of the high har-
monic emission. The results show that the characteris-
tic phase structure imposed by the Cooper minimum on
the RDM can be extracted from the experimentally mea-
sured group delay. The measured spectral amplitudes
and phases allowed us to reconstruct the time-dependent
dipole emission of the attosecond bursts produced every
half-MIR-cycle during the harmonic generation process.
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